Abstract-The discrete additive multiple-access arbitrarily varying channel (AVC) with two senders and one receiver is considered. Necessary and sufficient conditions are given for its deterministic-code average-probability-of-error capacity region under a state constraint to have a nonempty interior. In the case that no state constraint is present, the capacity region is characterized exactly. In the case of the noiseless mod-2 adder AVC using state constraint function I($) = s and subject to a state constraint L less than or equal to 0.13616917, the capacity region is shown to be a 45-degree triangle whose legs have length 1 -h ( L ) , where h denotes the binary entropy function.
I. INTRODUCTION
A general multiple-access arbitrarily varying channel (AVC) with two senders and one receiver is a transition probability W from X x Y x S into Z, where X , Y, S , and Z are finite sets, each containing at least two elements. We interpret W ( z I x , y, s) as the conditional probability that the channel output is z E Z given that the channel input symbol from sender 1 is x E X, the channel input symbol from sender 2 is y E Y, and that the channel state is s E S . When block codes of length n are used, we say the AVC is subject to state constraint L if the state-selection mechanism can generate only those state sequences s = ( s1 , * . a , s,) that satisfy a time-average constraint of the form where I is a given nonnegative constraint function defined on S and satisfying min,l(s) = 0. Note that if L 2 max,l(s), then all state sequences s satisfy (1); in this case we say that the state constraint is not present, or inactive.
Definition (Additive A VC): Let G be a finite nontrivial commutative group. Suppose that X = Y = Z = G. We say that W is an additive AVC if W ( z I x , y , s ) = V , ( z -x -y ) , for some transition probability V from S into G.
General multiple-access AVC's subject to a state constraint have been studied in [6] . There, both forward and converse results were proved that enable one to give inner and outer bounds on the capacity region. To obtain meaningful inner bounds, one must Manuscript received November 6, 1990; revised December 20, 1991 Additive AVC's with one sender and one receiver were considered in [4, Section VI, but under the assumption that the channel symbols come from a finite subset of R d rather than a finite commutative group G. This is in contrast to the results of [4, Section IV] concerning a restricted form of additive AVC called a group adder AVC, which is an additive AVC for which S = G and V J t ) = p ( t -s) for some probability distribution p on G. In an earlier paper [3, Section IV] Csiszhr and Narayan analyzed the single-user noiseless mod-2 adder AVC.
II. STATEMENT OF RESULTS
In order to state our results, we need the following notation. Let 9 ( S ) denote the set of probability distributions on S . For r E 9(S), let rV denote the distribution on G defined by ( r V ) ( t ) =
C,r(s)V,(t).
Let H ( r V ) denote the entropy of rV. Let Note that if L 2 max,I(s), then gL(S) = O(S). We now state our main results. where I G I denotes the cardinality of the set G.
Remark:
Since GL(S) is compact and since H is continuous,
W 9 L ( S )
if and only if there is no rE @(S) such that rV is the uniform distribution on G.
Theorem 2: In the absence of state constraints, the capacity region of the additive multiple-access AVC V is always given by (2), where @(S) is replaced by 9(S).
Proof: Theorem 2 follows from Theorem 1, the preceding Remark, ([7, Theorem 1, p. 2141, which says that if the deterministic-code average-probability-of-error capacity region has a nonempty interior, then it is equal to the random-code averageprobability-of-error capacity region), and [6, Section IV], which shows that the random-code average-probability-of-error capacity region of the additive AVC is given by (2). We give an independent proof in Section V. 
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We now consider the noiseless mod-2 adder AVC, which is defined as follows. The group G is taken to be the set (0, 1 ) under mod-2 addition. For the set of channel states, we take S = G. The noiseless mod-2 adder AVC is obtained by taking V,( t ) = 6( t -s), where 6(0) = 1 and 6(1) = 0. In discussing this channel, we always take the state-constraint function to be I(s) = s so that (1) is and Observe that the following conditions are sufficient to guarantee (7) and (8), respectively:
r e i / L ( S )
equivalent to the requirement that the fraction of 1's in the sequence s be less than or equal to L .
Theorem 3: For L 5 0.13616917, the deterministic-code average-probability-of-error capacity region under state constraint L of the noiseless mod-2 adder AVC is { ( R , , R 2 ) : R , 2 0, R , 2 0, and R ,
is the binary entropy function.
PRELIMINARIES FOR THE PROOFS
In this section, some useful quantities associated with a general multiple-access AVC W are introduced. Simplified expressions for these quantities are presented when W is an additive AVC as defined in Section I. For later use in the proof of Theorem 1, the hypotheses of Theorem A in the Appendix are also simplified for an additive AVC.
Given any p E g(X), q E @U), and r E O(S), it is understood that the average mutual informations I( X A Z ) , I( Y A Z I X ) , Z(S A Z ) , and I ( S A Z I X ) are computed using the necessary marginal and conditional distributions obtained from
Note that these mutual informations can be regarded as continuous functions of the 4-tuple ( p , q, r , W ) . With this in mind, we define
I~( X A Z ) inf I ( X A Z ) r e Y L ( s )
and
I~(YAZI X ) e inf I ( Y A Z~ x ) .

r E Y L ( S )
In working with additive AVC's, it is convenient to define the convolution of two distributions p and q E %(G) by Thus, for an additive AVC, Theorem A can be applied if (9) and (10) hold.
IV. PROOF OF THEOREM 1
The converse result, that the capacity region of an additive AVC is a subset of the triangle in (2), was proved in [6, Sections 111 and IV]. From this it follows that if the capacity region has a nonempty interior, then (3) must hold; i.e., there can be no r E g L ( S ) with rV uniform. Our contribution in this paper is the proof of the forward result, that if there is no r E BL(S) with rV uniform, then the triangle in (2) contains nonempty open rectangles that are contained in the capacity region.
Before proceeding, we summarize a few facts about regular probability distributions on a finite commutative group G. Recall that a distribution p is said to be regular if for every pair of distributions q and q',
otherwise, p is said to be nonregular. First note that the point mass concentrated on the additive identity element is regular. Next, the uniform distribution, U , is always nonregular; this follows from the fact that u*q = U for all q. Thus, 9 ( G ) always contains both regular and nonregular distributions. We also point out that if p is regular, then the convex combination Ap + (1 -A)u is regular for all X E (0, 11. As a consequence, even though the uniform distribution is nonregular, we can always approximate it by a strictly positive regular distribution. We also need the fact that if p is regular, then p*q = u implies q = U. The first step in the proof is to assume that rV is not uniform for any r E Q L ( S ) , or equivalently, on account of the remark following the statement of Theorem 1 , that H ( r V ) < log 1 G I for all r E The first step in applying Theorem A is to show that there is a distribution q such that (10) holds. If 4 is close enough to the uniform distribution, we claim that (10) will hold. To see this, note
Y L ( S ) .
that the right-hand side of (10) 
Thus, taking p to be any distribution close to uniform will satisfy (9). For later use we assume p is strictly positive. In fact, we can even take p to be uniform since we do not need p to be regular.
To simplify the hypotheses of Theorem A, we proceed as follows. For an additive AVC, (A. 1) simplifies to
To conclude the proof, observe that since p is strictly positive and since q is regular, it follows from the lemma in the Appendix that the quantity I L ( X A Z ) defined in ( 5 ) is positive. Similarly, since we may assume q is positive, the quantity ZL( Y A Z I X ) Thus, we have shown that there exist distributions p and q such 
is nonempty and belongs to the capacity region. Now, the height of the rectangle in (11) is Z L ( Y~ Z I X ) . Since q is nearly uniform, (6) implies that IL( Y A Z I X) is nearly equal to log IG I -max H ( r V ) ,
which is the height of the triangle in (2). Similarly, since p' is nearly uniform, the width of the rectangle in (12), ZL( X' A Z I Y'), is also nearly equal to (13), which is also the length of the base of the triangle in (2). It follows that any point in the interior of (2) belongs to the convex hull of the open rectangles (1 1) and (12) if p , q and p', q' are appropriately selected. Thus, every rate pair in the interior of (2) belongs to the capacity region by the usual time-sharing argument [2, p. 2721. In Section VII, we explain why state constraints cannot be present when using the time-sharing argument.
VI. PROOF OF THEDREM 3
We begin with a few simplifications. First note that log IG 1 = 1 since IG I = 2. Next, since f ( s ) = s, r e &(S), if and only if r(1) 5 L. Also note that for V J t ) = 6 ( t -s), r V = r , and so H ( r V ) = H ( r ) = h(r(1)). Hence, the maximum in (2) is simply m a x o c t c L h ( t ) = h ( L ) when L 5 1/2, since h is increasing on [0, 1/21. It now follows that (4) is simply (2) specialized to the noiseless mod-2 adder AVC. It remains to show that every point in (4) belongs to the capacity region. Since the capacity region is closed, it suffices to consider only interior points of (4). Consider the shaded regions in Fig. 1 . We prove that the shaded region at the left belongs to the capacity region. A similar argument interchanging the roles of X and Y will establish that the shaded region at the right also belongs to the capacity region. Since the union of the two shaded regions is the entire triangle, a convex-hull/time-sharing argument is not needed.
Suppose ( R I , R,) belongs to the shaded region at the left in Fig.   1 . We show that there exist distributions p and q such that ( R I , R,) belongs to the rectangle defined by (A.3) and to which Theorem A applies. To see that this is so, we need the following observations. For the noiseless mod-2 adder AVC with p being the uniform distribution and 0 < q(1) < 1/2, the rectangle described by (A.3) Fig. 1 . Decomposition of triangle in (4).
becomes, after a little calculus to evaluate the necessary infima,
Now, to apply Theorem A to this rectangle, we must also satisfy (9) and (10). Since p is uniform, the left-hand side of (9) is log IG 1;
since q(1) < 1/2, q is regular, and hence, (9) holds. The treatment of (10) is more delicate. In the present situation, (IO) simplifies to
Thus, we need L < q(1) < 1/2.
Next, it is readily verified that the upper-right comer of the rectangle in (14) lies on the hypotenuse of the triangle in (4). Furthermore, the width of this rectangle varies from 0 to 1 -h( L) as q (1) varies from 1/2 down to 0. However, we require L < q(1) < 1/2 for Theorem A to hold. This means that the maximum rectangle width that Theorem A can handle is
Thus, in order for every interior point of the shaded region at the left in Fig. 1 to be included in a rectangle to which Theorem A applies, we need 
shows that (15) holds for L 5 0.13616917.
VII. CONCLUSION AND DISCUSSION
We have given necessary and sufficient conditions in order that the deterministic-code average-probability-of-error capacity region of the discrete additive multiple-access AVC subject to a state constraint have a nonempty interior, and we have exactly determined the capacity region when state constraints are not present. We have also exactly established the capacity region of the mod-2 adder AVC when f(s) = s and L 5 0.13616917.
We now explain why we had to assume that state constraints were not present when we applied the time-sharing argument in Section V. The difficulty arises as follows. Suppose n = n , + n,. Then (1) does not imply that both
which is a necessary condition to apply the time-sharing argument to an AVC subject to a state constraint. The fact that (1) does not imply (16) also appears to prevent one from applying Ahlswede's elimination technique [l] , [7] , to AVC's subject to a state constraint; thus, our result in Theorem 1 does not appear to be sufficient to allow us to prove the conjecture that the region in (2) is exactly the capacity region when state constraints are present, either by the elimination technique or by time-sharing.
Corrections to [6J
The preceding observations require us to make the following corrections to our prior paper [6] .
In [6, Theorem 5.81 the words "closed convex hull," should be replaced by "closure."
In [6, Section V-C] we can no longer conclude that equation (5.8) is correct. Instead, all that we can conclude, using notation defined in [6] , is that the closure of
is a subset of C(Wu, 1/2) and that C( WO, 1/2) is a subset of the right-hand side of (5.8).
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Proof: This theorem can be proved by making trivial modifications to the proof of [5, Theorem 5.51 . A similar observation was made in [6, Section V-A], though it was not pointed out there that in this case the modifications do not require that the channel be 0 nonsymmetrizable [6, Definitions 3.3, 3.5, and 3.71.
I. INTRODUCTION
Coding schemes for transmission of data over the Gaussian channel have been used over the last decade that lead to improved performance [1]-[4] . The most popular approach is to use coser codes, and to attain high code rates coupled with good performance, the shift has been to use higher dimensional constellations. One result of moving to higher dimensions is the ability to achieve what has been called shaping gains. This is due to the reduction in average symbol energy that can accompany the use of a constellation whose boundary is not an N-cube. In particular, as the constellation becomes more spherical, it enforces a nonequiprobable distribution on signal points drawn from a constituent two-dimensional constellation. It has been shown [5] that in the limit as N + 00, an N-sphere can achieve 1.53 dB of shaping gain, and will enforce a truncated Gaussian distribution on the constituent 2-D constellation. Attention has been focused on these shaping gains, as they can be achieved independently of any gain due to the use of a coset code.
Multidimensional constellations with significant shaping gain were first described by Conway and Sloane in [6] . Other constellations with shaping gain and simple decoding methods were described by Manuscript received July 3, 1990 , revised June 20, 1991 . This work was presented in part at the IEEE Globecom '90 Conference on Communications, San Diego, CA, December 1990.
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